In this paper we study half-geodesics, those closed geodesics that minimize on any subinterval of length l(γ)/2. For each nonnegative integer n, we construct Riemannian manifolds diffeomorphic to S 2 admitting exactly n half-geodesics. Additionally, we construct a sequence of Riemannian manifolds, each of which is diffeomorphic to S 2 and admits no half-geodesics, yet which converge in the Gromov-Hausdorff sense to a limit space with infinitely many half-geodesics.
Introduction
The existence of closed geodesics on Riemannian manifolds is one of the foundational questions in the field of global differential geometry. The classical result of Cartan, which states that every nontrivial homotopy class of curves contains a closed geodesic, addressed this problem for manifolds having nontrivial fundamental group. The question of existence on simply-connected manifolds would prove to be much more difficult. In 1905, Poincaré [12] established the existence of a closed geodesic on any surface analytically equivalent to S 2 . On surfaces diffeomorphic to S 2 , Lyusternik and Schnirelmann [9] in 1929 showed that there exist at least three geometrically distinct closed geodesics, and in 1991 Bangert [3] and Franks [6] showed that there exist infinitely many.
The study of the existence of closed geodesics on arbitrary compact manifolds would yield exciting new techniques. The celebrated theorem of Lyusternik and Fet [10] in 1951 states that there exists a closed geodesic on any compact Riemannian manifold. They employed Morse's calculus of variations in showing that the energy functional E : Ω → R on the loop space of an arbitrary compact manifold has a critical point. Then in 1969 Gromoll and Meyer [7] established that there are infinitely many geometrically distinct closed geodesics on compact simply-connected manifolds under a relatively weak topological restriction. The question of the existence of infinitely many geometrically distinct closed geodesics on an arbitrary compact manifold remains open.
A defining property of a geodesic is that it is a locally distance minimizing curve. It is clear that a nontrivial closed geodesic can never be a globally distance minimizing curve. Indeed, a closed geodesic cannot minimize past half its length, as traversing the geodesic in the opposite direction always provides a shorter path. It is therefore natural to consider the largest interval on which a given closed geodesic is distance minimizing. This led Sormani [13] to consider the notion of a 1/k-geodesic. Definition 1.1. A 1/k-geodesic on a compact Riemannian manifold (or more generally on a compact length space) is a closed geodesic γ : S 1 → M which is minimizing on all subintervals of length l(γ)/k, i.e.
Sormani introduced this notion of a 1/k geodesic to study the behavior of closed geodesics under deformations of Riemannian manifolds. She showed that the 1/k-geodesics persist under the Gromov-Hausdorff convergence of Riemannian manifolds (Theorem 3.3). This result should be viewed in contrast to the behavior of arbitrary closed geodesics, which can disappear under GromovHausdorff convergence (Cf. [13, Example 7.2] ).
The half-geodesics, those closed geodesics that minimize on any subinterval of length l(γ)/2, are of inherent geometric interest. They are the closed geodesics that have the maximal minimizing property. The existence of a halfgeodesic provides an upper bound on the length L of the shortest nontrivial closed geodesic; we have L ≤ 2 diam(M ) when the set of half-geodesics on a manifold is nonempty. In [1] , the author studied half-geodesics by first providing a relationship between the half-geodesics and the Grove-Shiohama critical points of the distance function.
We consider the question of the existence of half-geodesics on Riemannian manifolds. Analogous to the existence of closed geodesics on arbitrary compact manifolds, the non-simply-connected case is straightforward. Sormani [13, Lemma 4.1] shows that a closed geodesic which is the shortest among all noncontractible closed geodesics is a half-geodesic; i.e., the systole of a non-simplyconnected manifold is always a half-geodesic.
Although Bangert and Franks showed that a manifold diffeomorphic to S 2 admits infinitely many closed geodesics, it is known that metrics on the 2-sphere need not admit any half-geodesics. Indeed, using Clairaut's relation, Wing Kai Ho [8] produced surfaces of revolution diffeomorphic to the 2-sphere that do not admit half-geodesics. Additionally, Balacheff, Croke and Katz [2] constructed a Zoll surface whose closed geodesics have length greater than twice the diameter, hence by our earlier discussion the surface does not admit a half-geodesic. The following result provides new examples of metrics on S 2 which do not admit half-geodesics, and shows that the absence of half-geodesics is not preserved under Gromov-Hausdorff convergence. Theorem 1.2. There exists a sequence of Riemannian manifolds, each of which is diffeomorphic to S 2 and admits no half-geodesics, which converge in the Gromov-Hausdorff sense to a limit space that has infinitely many half-geodesics.
The following is a positive result on the existence of half-geodesics on Riemannian manifolds diffeomorphic to S 2 .
Theorem 1.3. For each nonnegative integer n, there exist Riemannian manifolds diffeomorphic to S 2 admitting exactly n half-geodesics.
The paper proceeds as follows. In Section 2 we study the existence and nonexistence of half-geodesics on doubled regular polygons (Proposition 2.5). In Section 3 we construct sequences of Riemannian manifolds diffeomorphic to S 2 that converge in the Gromov-Hausdorff sense to these doubled regular polygons. These sequences have uniform bounds on the volume, diameter and sectional curvature, allowing us to apply a result by Cheeger (Theorem 3.1) to show that the sequences admit uniform lower bounds on the length of closed geodesics (Corollary 3.2). We then show the existence and non-existence of half-geodesics on these sequences by applying Sormani's result (Theorem 3.3) concerning the persistence of 1/k-geodesics under Gromov-Hausdorff convergence. The manifolds in these sequences are then used to prove Theorems 1.2 and 1.3.
Half-Geodesics on Doubled Polygons
In this section we study the half-geodesics on doubled regular polygons. These spaces will serve as the limiting spaces for the sequences of Riemannian manifolds that we construct in Section 3. The doubled regular polygons are convex compact length spaces, not Riemannian manifolds, and we begin by studying the behavior of geodesics on these spaces. Lemma 2.1. Geodesics (locally length minimizing curves) on a doubled regular n-gon X n cannot contain vertices as interior points. Therefore, for any p ∈ X n we have that the vertices are contained in the cut locus of p.
Proof. By contradiction assume that γ : (− , ) → X n is a geodesic with γ(0) a vertex of X n . Let a ∈ (− , 0) and b ∈ (0, ) and consider the trio of points γ(a), γ(0), γ(b) ∈ X n . If γ(a) and γ(b) are contained in the same face of X n , then the convexity of the n-gon implies that the trio form a Euclidean triangle. Alternatively, if γ(a) and γ(b) are contained on different faces of X n , then the convexity implies that at least one of the edges containing γ(0) will have angle sum strictly less than π with the two rays γ(0)γ(a) and γ(0)γ(b). In either case, we can then apply the triangle inequality to conclude that the distance between γ(a) and γ(b) is less than the length of γ between γ(a) and γ(b). This is in contradiction to γ being a locally length minimizing curve at γ(0). Lemma 2.2. The cut locus of an edge point p on a doubled regular n-gon X n is the collection of vertices together with the edges that do not contain p.
Proof. We have already seen in Lemma 2.1 that the vertices are contained in the cut locus of p. Points on edges that do not contain p have exactly two minimizing geodesics from p, the straight lines on either face, and are therefore cut points. Any other point q ∈ X n will have a unique minimizing geodesic from p which extends minimally in a neighborhood of the point q, and is therefore not a cut point. Lemma 2.3. Closed geodesics on a doubled regular n-gon X n must contain edge points.
Proof. Let γ : S 1 → X n be a closed geodesic. We have already shown in Lemma 2.1 that γ can not contain vertex points. On either face of X n we have that geodesics are straight lines. Therefore, in order that a geodesic be closed, it must contain points from both faces, and therefore must cross an edge.
Lemma 2.4. Half-geodesics on a doubled regular n-gon X n must contain pairs of points on parallel edges which are directly across from each other, i.e. the pair is connected by a straight line which is orthogonal to both edges.
Proof. We know from Lemma 2.3 that the half-geodesic γ : S 1 → X n must contain an edge point p = γ(0). We parameterize γ by a circle of length 2π so that p = γ(0) and q = γ(π) are at distance l(γ)/2. The two halves of γ are therefore minimizing between p and q, and we see that q is a cut point of p. By Lemma 2.2 we know that q must be an edge point. Finally, in order that the two halves of γ joining p and q connect to form a closed geodesic we must have that p and q are on parallel edges and directly across from each other. Proposition 2.5. Let X n be a doubled regular n-gon. a) If n is odd then X n has no half-geodesics. b) If n is even then X n has exactly n/2 half-geodesics.
Proof. The fact that a doubled regular n-gon with an odd number of sides does not admit half-geodesics follows directly from Lemma 2.4 and the fact that such an n-gon does not have parallel edges.
In the case of a doubled regular n-gon with an even number of sides there are many parallel edges and therefore many candidate half-geodesics: any curve which is the concatenation of the two straight line paths connecting a pair of points on parallel edges which are directly across from each other.
We first note that if such a candidate half-geodesic γ does not contain the center of both faces it will fail to be a half-geodesic. This is because γ will contain a pair of points which are connected by a shorter curve. For example, letting γ(0) and γ(π) be the edge points of γ we see that γ(π/2) and γ(3π/2) are a pair of off-center points on opposite faces, and are therefore connected via a shorter curve which crosses a third edge of the n-gon. We conclude that γ does not minimize between these points and is therefore not a half-geodesic.
The many candidate half-geodesics have therefore been reduced to the n/2 candidate half-geodesics which contain the centers of both faces. We show that each of these curves γ : S 1 → X n is indeed a half-geodesic, i.e. that γ is a minimizing curve between the pairs p = γ(t) and q = γ(t + π) for every t ∈ S 1 . First note that if p and q are edge points then γ is indeed a minimizing geodesic Figure 1 : A single-sided regular n-gon. The ellipse with focal points p and q and major axis length l(γ)/2 is tangent to the n-gon along its major axis. All other edge points of the n-gon are at a combined distance greater than l(γ)/2 from p and q.
between them. If the points p and q are on opposite faces then any shorter curve joining them would have to cross an edge of the n-gon at a point distinct from the two edge points of γ. Consider for a moment a single-sided regular n-gon where p and q have both been placed as they were on their respective faces (see Figure 1) . We inscribe an ellipse in this n-gon with focal points p and q and major axis length l(γ)/2. The n-gon is tangent to the ellipse along its major axis, and we see that all of the other edge points are at a combined distance greater than or equal to l(γ)/2 from p and q. Back on the doubled n-gon, we conclude that a shorter curve joining p and q is impossible. We have therefore shown that γ is a half-geodesic.
Construction of the Surfaces
In this section we construct for each nonnegative integer n a sequence of Riemannian manifolds, each diffeomorphic to S 2 and admitting exactly n halfgeodesics. These manifolds are then used to prove Theorems 1.2 and 1.3.
The doubled regular n-gons studied in Proposition 2.5 are convex compact length spaces. We study the existence of half-geodesics on Riemannian manifolds by first constructing for each n ≥ 3 a sequence of piecewise smooth manifolds converging in the Gromov-Hausdorff sense to a doubled regular n-gon X n . Start by choosing a sequence n,i → 0 with n,i > 0 and let Y n,i = ∂T n,i (X n ), i.e. Y n,i is the boundary of the n,i tubular neighborhood of X n . We choose the n,i sufficiently small so that the Y n,i consist of two flat faces each isometric to a face of X n , joined by half-cylinders along the edges and 1 n -sections of spheres between the vertices (see Figure 2 ). The Y n,i are only piecewise smooth manifolds as the curvature changes abruptly when entering or leaving the spherical regions. We note that the Y n,i converge in the Gromov-Hausdorff sense to X n . We now construct for each n ≥ 3 a sequence M n,i of Riemannian manifolds converging in the Gromov-Hausdorff sense to a doubled regular n-gon X n . We generate the sequence M n,i by smoothing the Y n,i constructed above along the boundaries of their n spherical regions. The boundary of any such spherical region is comprised of two halves of great circles which meet at the poles of the sphere. The metric changes suddenly from constant zero to constant positive curvature as we enter the spherical region through this boundary. We will therefore change the metric in a neighborhood of this boundary. Any such neighborhood is comprised of points from the spherical region, from two cylindrical regions, and from both faces. We change the metric in this neighborhood so that the curvature increases smoothly from zero on the cylinders and faces to constant positive on the spherical region. We perform this smoothing along the boundaries of each of the n spherical regions of the Y n,i . We smooth symmetrically, maintaining two equivalent hemispheres separated by an equator curve which passes through each of the cylindrical and spherical regions. The resultant M n,i are Riemannian manifolds with everywhere nonnegative curvature which converge in the Gromov-Hausdorff sense to X n .
We will use the following result by Cheeger to show that the sequence M n,i admits a uniform lower bound on the length of closed geodesics. Proof. We simply produce uniform bounds on the diameter, volume and sectional curvature for the sequence M n,i and then apply Theorem 3.1. The sequence M n,i converges in the Gromov-Hausdorff sense to X n so that diam(M n,i ) converges to diam(X n ) and we can use 2 diam(X n ) as a uniform upper bound on the diameter of the M n,i for i sufficiently large. Likewise we see that vol(X n ) is a uniform lower bound on the volume of the M n,i . Finally note that the M n,i all have nonnegative curvature, so that H = 0 is a uniform lower bound on the curvature of the M n,i .
We will use the following convergence result due to Sormani to study the half-geodesics on the sequences M n,i → X n . Proof. By contradiction assume that there exists a subsequence (again called M n,i ) such that each M n,i admits a half-geodesic. Then because X n admits no half-geodesics we have by Theorem 3.3 that a further subsequence of the M n,i admits half-geodesics converging to the trivial curve. The lengths of these geodesics would have to converge to zero, a contradiction to the conclusion of Corollary 3.2 which states that the M n,i admit a uniform lower bound on the length of closed geodesics.
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. By Proposition 3.4 we can choose a sequence n → 0 such that the smoothed Riemannian manifolds N n ≈ ∂T n (X 2n+1 ) do not admit any half-geodesics. The sequence N n converges in the Gromov-Hausdorff sense to a doubled disk, a compact length space which admits infinitely many halfgeodesics.
Proposition 3.5. For each n ≥ 2 there exists a sequence of Riemannian manifolds diffeomorphic to S 2 each of which admits exactly n half-geodesics.
Proof. Let X 2n be a doubled regular 2n-gon. Recall from Proposition 2.5 that X 2n admits exactly n half-geodesics. We will first show that each manifold in the sequence M 2n,i → X 2n constructed above admits at least n half-geodesics and then show that only finitely many of the M 2n,i can admit more than n half-geodesics.
We use an argument similar to the proof of Proposition 2.5 to show that the n meridians of M 2n,i , those curves which pass through the center of each face and perpendicularly through parallel cylindrical edges, are half-geodesics. Let γ : S 1 → M 2n,i be such a meridian. We show that γ is a minimizing curve between the pairs p = γ(t) and q = γ(t + π) for every t ∈ S 1 . First note that if p and q are equator points then γ is indeed a minimizing geodesic between them. If the points p and q are on opposite hemispheres then any shorter curve joining them must cross the equator of M 2n,i at a point distinct from the two points of intersection of γ with the equator. We note that the single-sided regular 2n-gon with distance between parallel edges l(γ)/2 is almost isometric to a hemisphere of M 2n,i , differing only in a neighborhood of the vertices. As in the proof of Proposition 2.5, we place p and q on this single-sided 2n-gon as they were on their respective hemispheres, and inscribe an ellipse with focal points p and q and major axis length l(γ)/2. We see that all of the other edge points of the 2n-gon are at a combined distance greater than or equal to l(γ)/2 from p and q. Moreover, any such ellipse avoids the vertices of the 2n-gon, and we can conclude that all of the other equator points on M 2n,i are at a combined distance greater than or equal to l(γ)/2 from p and q. A shorter curve joining p and q on M 2n,i is therefore impossible, and we conclude that γ is indeed a half-geodesic.
We now show that only finitely many of the M 2n,i can admit a non-meridian half-geodesic. By contradiction assume that there exists a subsequence (again called M 2n,i ) such that each M 2n,i admits a non-meridian half-geodesic γ i : S 1 → M 2n,i . By Theorem 3.3 a subsequence of the γ i converge point-wise to a meridian half-geodesic γ : S 1 → X 2n . Note by Corollary 3.2 that γ can not be the trivial curve. We show that these γ i converge uniformly to γ. Fix > 0. Choose a partition {t j } of the interval [0, 2π] such that max{d X2n (γ(t j ), γ(t j+1 ))} < . Then l(γ i ) → l(γ) implies for i sufficiently large that max{d M2n,i (γ i (t j ), γ i (t j+1 ))} < 2 . We extend the metrics on M 2n,i and X 2n to a metric on Z i = M 2n,i X 2n so that the Hausdorff distance between M 2n,i and X 2n goes to zero as i → ∞. As the γ i converge point-wise to γ we have d Zi (γ i (t j ), γ(t j )) < for every t j and i sufficiently large. Then for any t ∈ [0, 2π], and fixing t j to be the closest partition value to t, we have
and conclude that the γ i converge uniformly to γ. For i sufficiently large the closed geodesics γ i must become almost meridians on their respective M 2n,i , traversing each face once and passing perpendicularly through parallel cylindrical edges. As non-meridians, the γ i do not contain the center points of either face, and therefore must contain a pair of points which are connected by a shorter curve which crosses a third cylindrical edge, as in the proof of Proposition 2.5. We conclude that the γ i are not half-geodesics and therefore that only finitely many of the M 2n,i can admit more than n half-geodesics.
We now present an example concerning the existence of half-geodesics on a sequence of ellipsoids converging smoothly to the round sphere. We rephrase the following result, which Berger [4, Theorem 109] attributes to Morse, in the language of half-geodesics. Theorem 3.6 (Morse). Given any L (think of L as very large) there is an > 0 such that any triaxial ellipsoid with axis lengths satisfying 1 < a < b < c < 1 + has all of its periodic geodesics of length larger than L except for the three sections by the coordinate planes.
Corollary 3.7. For > 0 small enough, any triaxial ellipsoid with axis lengths satisfying 1 < a < b < c < 1 + has exactly one half-geodesic.
Proof. By Morse's Theorem, the only short geodesics are the three sections by the coordinate planes. Two of these sections will contain the largest axis and will fail to minimize between the antipodal points on their second axis; the other coordinate section provides a shorter path between these antipodes. The only half-geodesic will be the coordinate section which does not contain the largest axis.
Corollary 3.8. There exists a sequence M i of Riemannian manifolds, each of which has exactly one half-geodesic, converging smoothly to the standard Riemannian sphere, all of whose geodesics are half-geodesics.
Proof. Simply choose a sequence i → 0 and let M i be a triaxial ellipsoid with axis lengths satisfying 1 < a < b < c < 1 + i . The result now follows from Corollary 3.7.
We are now able to prove Theorem 1.3, which states that for each nonnegative integer n, there exist Riemannian manifolds diffeomorphic to S 2 admitting exactly n half-geodesics.
Proof of Theorem 1.3. For n = 0 we have the result of Theorem 1.2. For n = 1 we have the result of Corollary 3.8. For n ≥ 2 we have the result of Proposition 3.5.
